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Abstract

In this paper, we proved some unique common fixed point results in setting of C’-algebra-valued metric
spaces for two pairs of weakly compatible mappings, satisfying a contractive condition given by Pachpatte
[Pachpatte, B. G. Fixed point theorems satisfying new contractive type conditions, Soochow Journal of
Mathematics. 16(2), pp.173-183, (1990)] using property (E.A).
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INTRODUCTION

In Ma et al. [10] introduced C-algebra-
valued metric spaces as a new concept which
are more general than metric space, replacing
the set of real numbers by C’- algebras, and
establish a fixed point theorem for self-maps
with contractive or expansive conditions on
such spaces, analogous to the Banach
contraction principle.

A =x-algebra is a complex algebra with

linear involution * such that y~ =y and
(yz)"=z"y", for any y,zeE. If %- algebra
together with complete sub multiplicative
norm satisfying HyH:||y|| for all yeE,
then = - algebra *is said to be a Banach
x-algebra. A C - algebra is a Banach x-
algebra such that y"y|=y|* forall yeE.
If a normed algebra E admits a unit
1., al. =1,a=a forall acE, [l |=1, then

we say that E is a unital normed algebra. A
complete unital normed algebra E is called
unital Banach algebra.

A positive element of E is an element
acE such that a"=a and its spectrum
o(@cR, where o(@a)={1eR:Al.—-a is
non-invertible}. The set of all positive
elements will be denoted by E,. Such
elements allow us to define a partial ordering
on the elements of E. That is, b@a if and
only if b—aekE,. If acE is positive, then
we write a @0, where O is the zero element

of E. Each positive element a of a C'-
algebra E has a unique positive square root.
From now on, by E we mean a unital C'-
algebra with identity element 1.. The sum of

two positive elements in a C'-algebra is a
positive element. If a is an arbitrary element

of aC™-algebra E, then a‘a is positive. Let
E be a C -algebra and if a,beE* such
that amb, then for any xeE, both x*ax and

x"bx are positive elements and x*ax & x bx.
1

Further, E, ={acE:a®0.} and (a'a)? =d.

Very simply, E has an algebraic structure
and a topological structure coming from a
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norm. The condition that E be a Banach
algebra expresses a compatibility between
these structures. All over this paper, E means a
unital C"-algebra with a unit I, R is set of real

numbers and R™ is the set of non-negative
real numbers and M, (R) is nxn matrix
with real entries R.

Lemma 1. [9] Suppose that E is a unital C’-
algebra with a unit 1.. For any xeE, , we

have xB1. if and only if [x|<1. If acE,,

with ||a||<% then 1. —a is invertible and

|a@e —a)*| <1. Suppose that a,be E with

a,b@0.,and ab=ba, then ab@0.. By E’
we denote the set
{acE:ab=ba, for all beE},

Let aeE'if b,c e E with bBEcZ0., and
1. —aeE’ is an invertible operator, then
(1. -a)'bA(. —a)" c

Based on the concept and properties of C'-
algebras, recently in  Ma et al. [10]
introduced the concept of C -algebra-valued
metric spaces as a new concept which are

more general than metric space, replacing the
set of real numbers by C -algebras as follows:

Definition 1. [10] Let X be a nonempty set.
Suppose that the mapping d: X xX > E
is defined, with the following properties:

(1.1) 0. @ d(x,y) for all x and y in X,
(1.2) d(x,y) =0, if and only if x=y,

(2.3) d(x, y) =d(y,x) for all x and y in X,
(1.4) d(x,y) B d(x,z) + d(z,y) forall x,y,z e X.
Then d is said to be a C’-algebra-valued
metric on X, and (X,E,d) is said to be a C-
algebra-valued metric space.

Definition 2. [10] Suppose that (X,E) is a
C’- algebra -valued metric space. A mapping
T:X—X IS called C -algebra-valued
contractive mapping on X, if there is an

PecE with  |P|<1 such that
d(Tx, Ty) B P*(d(x,y))P for all x,y e X.

Example 1. [10] Let X =R and E =M, (R).

Defined (x,y)=diag(x—y|a|x—y]), where

Xx,yeR and « >0 is a constant. Then d
is a C'-algebra-valued metric and
(X,M,(R),d)is a complete C -algebra-valued
metric space by the completeness of R.

Definition 3. [10] Let (X,E,d) is a C-
algebra valued metric space and let {x} be a

sequence in X. If
(1.5) forany &>0, thereis N such that for

all n > N, [d(x,,x)| <&, then the sequence
{x,} is said to be convergent, and we denote it
as lim___ x, =X

(1.6) for any &>0, there is N such that
for all mn > N, [d(x,.x,)| <& then the

sequence {xn} is said to be Cauchy sequence.

(1.7) C -algebra valued metric space is said to
be complete if every Cauchy sequence in X
with respect to E is convergent.

For more details, one can refers ([2],

[31, [5], [6]. [7]. [8], [12], [13], [14]).

Definition 4. [4] A pair of self-mappings A,B:
X—X is called weakly compatible if they
commute at their coincidence point, that is, if
there is a point zeX such that Az =Bz,
then ABz =BAz, for each z€X.

The definition of weakly compatible is
used in similar mode in C'-algebra-valued
metric space as in metric spaces.

The definition of property (E.A) has been
introduced in [1] as follows:

Definition 5. [1] Let A,B: X—X be two self-
mappings of a metric space (X,d). The pair
(A,B) is said to satisfy property (E.A), if there
exists a sequence {x,} in X such that

lim,_ d(Ax,,u)=Ilim__d(Bx,,u)=0,
for some u e X.

Now we define property (E.A) in C'-
algebra-valued metric spaces as follows:

Definition 6. Let AB: X—X be two self-
mappings of a metric space(X,d). The pair
(A,B) is said to satisfy property (E.A), if there
exists a sequence {x,} in such that

lim,  d(Ax,u)=Ilim_, d(Bx,u)=0,
for some u € X.
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MAIN RESULTS

In this section, common fixed point results
for the pairs in setting of C’-algebra-valued
metric space using weakly compatible and
property (E.A), have been proved, by the
contractive conditions given by Pachpatte
[11] as follows:

Theorem 1. Let (X,E,d) be a C -algebra-
valued metric space and let P,Q,R,S : X—X be
four self-mappings satisfying the following:
(C1) P(X) €Q(X), R(X) =S(X);
(C2)

[d(Rx, Py)f

A"(d(Qx, Sy)d (Qx, Rx)d (Sy, Py)) A,
for all x,ye X, where |A|<1;
(C3) the pairs (R,Q) and (P,S) are weakly
compatible;
(C4) one of the pairs (R,Q) and (P,S) satisfies
property (E.A).
If the range of one of the mappings S(X) or
Q(X) is closed subspace of X, then the
mappings P,Q,R, and S have a unique
common fixed point in X.

Proof. Suppose that the pair (P,S) satisfies
property (E.A). Then there exists a sequence
{x,} in X such that

lim_, Px, =Ilim_,_ Sx, =z, (1)
for some z € X.

Further, since P(X) < Q(X), there exists a
sequence {y, }in X such that Px, =Qy,. Hence

lim, . Qy,=z. Now our claim is
lim, Ry, =z Putting x=y, and y=x, in
condition (C,), we have

[d Ry, Px,)F

A" (d(QY,, Sx,)d(QY,, Ry, )d (S, Px,)) A

= A" (d(Px,,Sx,)d(Px,,Ry,)d(Px,, Sx,)) A
Which implies that

[d(Ry,, Px,)|

< A (dPx, S I (Px,, Ry, JId (Px,  5x,)])
By dividing two sides of the above inequality
with [d(Ry,, Px,)|, we get

ld(Ry,Px,)” <A (d(Px,. 5 )

Taking limit n —oo, we have
[d(Rya, Px,)] < [Afld (P, Sx,)] =0
e, lim__Ry,=lim_, Px =z
Now, suppose that Q(X) is a closed subspace

of X, then there exists ue X such that
z = Qu. Subsequently, we have

lim Ry, =lim__Px, =lim_ _, Sx, )
=lim__ Qy,=z=Qu.
We claim that Ru = Qu. Putting x = u, y = X,
in (C,), we get
[d(Ru,Px)[
A"(d(Qu, Sx,)d (Qu, Ru)d(Sx,, Px,)) A,
and letting n—oo and using (2) we have
Jd(Ru, 2)f

<|Af(d (2. 2lld 2. R)d (2. 2] =,
and consequently Ru=z=Qu.Thus z is a
coincidence  point of (R,Q). Since R(X)

CS(X), there exists v e X such that Ru = Sv.
Hence Ru=Qu=Sv=z

N—o0

Now we show that v is a coincidence
point of (P,S) that is, Pv=Sv=z. Now
putting x=u, y=V in(C,), we get

[d(Ru, PV)f

A" (d(Qu,Sv)d(Qu,Ru)d(Sv,Pv))A, i.e

|d(z, Pv)[
<A (d(z sv)d z 2)fd (Sv. Pv)[)

Thus Pv=z. Hence Pv=Sv=z and v isa
coincidence point of P and S. Since the
pairs (R,Q) and (P,S) are weakly compatible,
and z and v are their coincidence point
respectively, so we have RQu = QRu =Rz =
Qz, PSv=SPv=Pz =5z

In order to show that z is a common fixed
point of these mappings, on putting x=u
and y = z in condition (C,), we have

[d(z,Pz2)} =[d(Ru,Pz)}

A" (d(Qu,S2)d(Qu,Ru)d(Sz,Pz))A, i.e
|d(z, Pz)||3

<[ A (|d (Qu. s2)Jld (Qu, Ru)jd (sz, P2)]}

Hence, |d(z, PZ)||3 <0.
Thus, Rz=Qz=Sz=Pz =12
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Similarly, we can complete the proof for case
in which S(X) is closed subspace of X.

Existence

To prove that z is a unique common fixed
point, let us suppose that p is another common
fixed point of P, Q, R, and S. Putting x=p

and y =z in condition (C,), we have

[d(p.2)] =[d(Rp,P)f
A" (d(Qp,Sz)d(Qp,Rp)d(Sz, P2))A, i.e

[d(p.2)"
<|A*(/d(Qp. S2)[[[d (Qp. Rp)||d (Sz, Pz)])

Hence, |d(p, z)||3 < 0is a contradiction.

Thus z = p. Consequently, Rz=Qz =Pz =Sz
=z and z is the uniqgue common fixed point of
P,Q,R, and S. Putting S=Q in Theorem 1 we
have the following corollary:

Corollary 1. Let P,Q and R be three self-
mappings of a C -algebra-valued metric space
(X, E,d) satisfying the inequality
(Cs)

[d(Rx, Py)J

A" (d(Qx,Qy)d (Qx, R)d(Qy, PY)) A,
forall x, yeX, where |A|<1.

Suppose that the following conditions hold:
(Ce) QX) 2R(X)UP(X),

(C7) Dboth the pairs (Q,R) and (Q,P) are
weakly compatible,

(Cg) one of the pairs (Q,R) and (Q,P) satisfies
the property (E.A).

If Q(X) is closed subspace of X, then R, P,
and Q have a unique common fixed point in
X.InTheorem 1 if we put R=PandQ =S,
we have the following.

Corollary 2. Let (X,E,d) be a C -algebra-
valued metric space and let R and P be two
self-mappings satisfying the following:
(Co) R(X) €Q(X);
(C10)

[d (Rx, Py)J

A"(d(Qx,Qy)d(Qx Rx)d (Qy, Ry)) A,
forall x,yeX, where |A| <1,
(C11) (Q, R) is aweakly compatible pair;
(C12) the pair (Q, R) satisfies property

(E.A). If Q(X) is closed subspace of X, then
Q and R have the unique common fixed point
in X.

Theorem 2. Let P, Q, R, and S be four self-
mappings of a C’ -algebra-valued metric
space (X, E,d) satisfying the following:
(C13) P(X) €Q(X) and R(X) SS(X);
(C1a)
d(Rx,Py)a

(d(Qx, ), (d(Qx, Rx))*,(d(Sy, Py))*,

A'| max{ 1 , 1 )
5 ([@QxPy))", 2 (d(Sy, Rx))

X

(d(Qx, Rx) +d(Sy, Py))™ jA.

If d(Qx,Rx)+d(Sy, Py) =0,

where |A]<, or d(Rx,Py)=0. if
d(Qx,Rx)+d(Sy,Py) =0, forall x,yeX,
(Ci5) the pairs (R,Q) and (P,S) are weakly
compatible;

(Ci) one of the pairs (R,Q) and (P,S)
satisfies property (E.A).

If the range of one of the mappings S(X) or
Q(X) is a closed subspace of X, then the
mappings P, Q, R, and S have a unique
common fixed point in X.

Proof. Let us suppose that
d(Qx,Rx)+d(Sy,Py) = 0. so d(Rx,Py) =0,
and the pair (P,S) satisfies property (E.A).
Then there exists a sequence {x,} in  such
that lim , Px, =lim_, Sx, =z, for some

ze€X. Since P(X) <Q(X), there exists a
sequence {y,} in X such that Px, =Qy,.

Hence lim_ __Qy, =z. Next we claim that
lim, Ry, =z In inequality (Cis), putting
Xx=Yy,and y=x, weget
d(Ry,.Px,)
(d(Qyy %)%, (A(Qy,, RY,))* (d(Sx,, Px,))’,
A’ max< 1 , 1 , X
E(d (Qym Pxn)) VE(d (anl Ryn))
(d(Qy,, Ry,) +d(Sx,,Px,)” ]A-
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(d (Pxn’ SXn))zl (d (Pxn’ Ryn))z’OA'

ax{ 1 ,
E (d (SXni Ryn ))

(d(Px_,Ry,)+d(Sx,,Px )™ ]A.

Hence,
ld(Ry,, Px,| <

(d(Px,,Sx,))*, (d(Px,,Ry,))?,
||A||2 max x

Oé(d (5%, Ry,))’

(d(PXn7Ryn)+d(SXn'Pxn))_l J H ]

and letting n—o0, we have
a=[A")]d Ry, Px)] <0
which is a contradiction, since |A[<1.
Therefore, lim,_ Ry, =lim , Px, =z
Assuming Q(X) is closed subspace of X, then
z=Qu for some u €X. Now, we obtain
lim_ . Ry, =lim_, Px =lim _, SX,
=lim_,_Qy,=z=0Qu. ®)
Our aim is to prove Ru = Q and for this
putting x=u and y=x_ in(Cy) we get

d(Ru,Px,) @

(d(Qu, Sx,))*, (d(Qu, Ru))*, (d(Sx,, Px,))’,
A’| max{ 1 1 X
E(d (Qu, PXn))Z,E(d (Sx,, Ru))’

(d(Qu,Ru) +d(Sx,,Px )™ ]A.

Letting n—oo and using (3) we get
@-|A)|d(Ru,2)|<0, and Ru = z since
|A| <1.Therefore, u is a coincidence

point of (R, Q). Weak compatibility of the
pair (R,Q) implies that RQu=QRu=Rz=Qz.
Otherwise, since R(X) SS(X), there exists
ve X such that Ru=Sv.

Hence, Ru=Qu =Sv =z. To show that v is
a coincidence point of pair (P,S), by using
similar arguments in Theorem 1 and
inequality (C14) we have

d(Ru,Pv)

) (d(Qu,Sv))?, (d(Qu,Ru))?, (d(Sv, Pv))*,
max 1 1
S@Qu, Pv))z,E(d (Sv, Ru))’

(d(Qu,Ru) +d(Sv,Pv))™ jA.

Hence
|d(z, Pv)| <[|Ad (z, Pv|
and then Pv=2z because |A|<1.With the

same assertions as in Theorem 1 one gets that
z is a common coincidence point of P, Q, R,
and S. Other details of Theorem 2 in which z
is a unique common fixed point of the
mappings P, Q, R, and S can be obtained in
view of the final part of the proof of
Theorem 1.

Remark 1. We note that the conclusions of
Theorem 2 are still valid if we replace
inequality (Cy4) with the following inequality:
d(Rx,Py)&
d (Qx, Py)[L+d (Qx, Sy) + d (%, Sy)]
| e 21+ d(Qx, Sy)]
d(Sy, Rx)[L+d (Qx, Py) +d(Sy, Py)]
2[1+d(Qx,Sy)]

CONCLUSION

Recently, based on the concept and
properties of C-algebras, Ma et al. [10]
introduced the concept of c’-algebra-valued
metric spaces as a new concept which are
more general than metric space replacing the
set of real numbers by c"-algebras.

This paper is committed to proving common
fixed point results for the pairs in setting of C-
algebra-valued metric space using weakly
compatible and property (E.A), by the
contractive  conditions given by Pachpatte
[11].
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