UNITECH.2%,

INTERNATIONAL SCIENTIFIC CONFERENCE
20-21 November 2020, GABROVO

C-CLASS FUNCTIONS WITH COUPLED COINCIDENCE POINT
RESULTS FOR A GENERALIZED COMPATIBLE PAIR IN ORDERED b -
METRIC SPACES

Ljiljana R. Paunovi¢!, Arslan Hojat Ansari?,
Penumarthy Parvateesam Murthy3, Nawab Hussain*
L University in Pristina-Kosovska Mitrovica, Teacher education Faculty, Nemanjina bb, 38218
Leposavié, Serbia, ljiljana.paunovic@pr.ac.rs

2 Department of Mathematics, Karaj Branch, Islamic Azad University, Karaj, Iran,
analsisamirmath2@gmail.com

3 Department of Pure and Applied Mathematics Guru Ghasidas Vishwavidyalaya, Bilaspur (C.G.)
ppmurthy@gmail.com

* Department of Mathematics, King Abdulaziz University P.O. Box 80203, Jeddah 21589, Saudi
Arabia
nhusain@kau.edu.sa

Abstract

In this paper, by using the C-class functions and a new approach we present some coupled coincidence point
results for a pair of mappings satisfying generalized (¢, l//)—weakly contractive condition in the setting of ordered

b-metric spaces.
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INTRODUCTION

Guo and Lakshmikantham [9] studied the
concept of coupled fixed points, they first give
some existence theorems of the coupled fixed
points for continuous and discontinuous
operators. Later, Bhaskar and
Lakshmikantham [5] studied monotone
property and supported this by providing an
application to the existence of periodic
boundary value problems. Lakshmikantham
and Ciri¢ [13] introduce the concept of a
mixed g-monotone mapping and prove
coupled coincidence and coupled common
fixed point theorems for such nonlinear
contractive mappings in partially ordered
complete metric spaces.

In this paper, we use the notion of C-class
of function which is generalization of altering
distance function and by using this definition
we have improved the results of Hussain,

Abbas, Azam and Ahmad [14] in the setting of
b-metric space and proved coupled fixed point
theorem. For more about fixed point results via
C-class functions see [17].

Definition 1. [8] Let X be a nonempty set and
s>1 be a given real number. A function

d: X x X — R"is a b-metric if and only if for
all x,y,ze X, the following conditions are
satisfied:

(b)) d(x,y)=0 ifandonlyif x=y,

(b2) d(x,y)=d(y,x)

(bs) d(x,z)<s[d(x,y)+d(y,2)]

The pair (X,d) is called a b-metric space.

Definition 2. [6] Let (X,d) be a b-metric
space. Then a sequence {x,} in X is called b-

convergent if and only if there exists
X € X such that d(x,,x)—0, as n —> . In
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this case, we write limx, = x.

Definition 3. [6] Let (X,d) be a b-metric
space. Then a sequence {x,} in X is called b-
Cauchy if and only if d(x,,x,)—0, as
n, M — +co,

Definition 4. [6] The b-metric space (X,d) is
b-complete if every b-Cauchy sequence in X
b-converges.

Definition 5. Let X be a nonempty set. Then
(X, d, X) is called a partially ordered b-metric
space if and only if d is a b-metric on a
partially ordered set (X, <).

For more on coupled fixed point theory we
refer to the reviews (see, [1], [2], [3], [7], [9].
[13], [14], [18]). Sevaral papers have been
published on the fixed point theory of various
classes of single-valued and multi-valued
operators in b-metric spaces (see [7], [8], [10],

[16]).

Definition 6. [5] Let (X,=<) be a partially
ordered set. The mapping F: X xX — X is
said to have the mixed monotone property if
F is monotone non-decreasing in its first
argument and is monotone non-icreasing in its
second argument, that is, for all x,x, € X,
X, X X, implies  F(x,y)2F(x,,y), for any
ye Xand for all y,,y, e X, y,Xy,implies
F(x,y,) ZF(xY,), forany xe X.

Lakshmikantham  and  Ciri¢  [13]
generalized the concept of a mixed monotone
property as follows.

Definition 7. [13] Let (X, <) be a partially
ordered set and g a self mapping on X. A

mapping F: X xX — X is said to have a
mixed g-monotone property if for all

X, %, € X, gX,2gX, implies that
F(x,Y)XF(x,,y), forany ye X and for
all

V.Y, €X, gy,2gy, implies that
F(x,y,)=F(xY,), forany x e X.

Definition 8. [14] An element
(X, y)e X x X

is called a coupled coincidence point of the
mappings F,G: X x X — X if

F(x,y)=G(x,y) and F(y,x)=G(y, x).

Definition 9. [14] Suppose  that
F,G:XxX — X are two mappings. F is said to

be G-increasing with respect to =< if for all
X, ¥,u,ve X, with G(x,y) <G(u,v) we have

F(x,y) 2 F(u,v).

Definition 10. [14] Let F,G: X xX = X . We
say that the pair {F,G} is generalized

compatible if
(F (00 Y0, F (%)) > 0

{d(F(G(xn,yn),G(yn,xn)), (
d(F(G Yy %), G (X, Y)L G(F (Y %), F (%, ¥,)) = 0
and {y,} are

as n—»+oo, Whenever {x,

sequences in X such that
limF(x,,y,)=limG(x,,y,)=t,
n—oo n—oo

limF(y,, x,)=limG(y,,x,)=t,.

G
G

Definition 11. [14] Let F,G:XxX —> X be
two maps. We say that the pair {F,G} is
commuting if
F(G(x,¥).G(y, %)= G(F (x,y).F(y.x))

forall x,y e X.
As given in [2] ® denotes the set of all
functions ¢:[0,00)—[0,c0) such that:

1. ¢ iscontinuous and increasing,

2. ¢(t)=0 ifand onlyif t=0,

3. P(t+5)<g(t)+ ¢(s), for all

t,se[0,4).

Let ¥ be the set of all the functions
p:[0490) = [0,400) such that limy/(t)>0 for

all r>0and limy(t)=0.
t—>0"

Definition 12. [12] A function

w:[0,00)—[0,0)
is called an altering distance function if it
satisfies the following conditions:
(1) w is monotone increasing and
continuous;
(if) w(t)=0 ifand only if t=0.
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In our results in the following section we will
use the following class of functions.

¥ ={ :[0,00)>[0,00):an altering distance
function}.

@ = {p:[0,00) > [0,0): lower semi-continuous
functions, w(t)=0 if and only if t=0} we
have let @, = {p:[0,00)—[0,0): lower semi-
continuous functions, ¢(0) > 0, ¢(t) > 0,
t>0}.

Definition 13. An ultra altering distance
function is a continuous, = mapping
¢:[0,00)—[0,0) such that ¢(0)>0, p(t) =0,
t=0.

©={p:[0,0)—>[0,:0):an ultra
distance function}.

altering

In Ansari [4] introduced the concept of C-
class functions which cover a large class of
contractive conditions.

Definition 14. A mapping f :[0,x)> >R is
called C-class function if it is continuous and
satisfies following axioms:

Q) f(s,t)<s

(2) f(s,t)=s implies that either s=0 or

t=0 forall s,t[0,0),

Note that for some f we have f(0,0)=0. We
denote C-class functions as C.

MAIN RESULTS

In [14] proved coupled fixed point
theorem, we improved this results in the
settings of b-metric space.

Theorem 1. Let (X, <, d) be an ordered
complete b-metric space (with parameter
s>1). Assume that F,G: X xX — X are two
generalized compatible mappings such that F
is G - increasing with respect to <, G is
continuous and has the mixed monotone
property, and there exist two elements
X0, Yo € X, with  Gx,y, xF(x,Y,) and

G(yO’ XO)z F(yO’ XO)'
Suppose that there exist pe @ and w e ¥, f is
C-class such that

#ls*d(F(x ). F(u,v)))<
f[ ¢(d(e(x, y).G(u,v)) d(G(y,x),G(v,u))j, 1)

+
2
W(d(e(x, y),e(u,v))+d(e(y,x>,e(v,u))j ]
2

for all X, y,u,ve X, a>1 with
G(x,y)<G(u,v). Suppose that for any
X,y € X, there exist u,v e X such that
F(xy)=G(u,v)
{F(y, X) = G(v,u).
Also suppose that either
(@) F iscontinuous or
(b) X has the following property
(i) if a non-decreasing sequence {x,}— X,
then x, < x forall n,
(ii) if a non-increasing sequence {y, } = v,
for all n.

Then, F and G have a coupled coincidence
point in X.

()

Proof: Let X,,Y, be arbitrary point in X such
that

G(Xm YO)5 F(Xo’ yo)and F(yovxo)ﬁG(y()on)
(such points exist by hypothesis). From (2),
there  exists  (x,y,)e XxXsuch that
F(Xano):G(Xryl) and F(YO’XO)ZG(Yle)-
Continuing this process, we can construct two
sequences {x,} and {y,} in X such that

F(Xn’ Yn ) = G(an yn+l)’ F(yn’ X, ) = G(ynw Xn+l)’
for all neN. 3
First we show that for all ne N, we have

G(Xn ' yn ) ﬁ G(Xn+1’ yn+l) and

G(Ynias Xp ) S GV, X, ). 0
As G(%,,Y,)=F(%,Y,) and
F(yo' Xo)fG(yoyxo) as F(X0’ yo): G(Xi’ yl)
and F(y,, % )=G(y,,x,), we have
G(XO’ yO)iG(Xl’ yl) and G(yl’ Xl)5 G(yO’ XO)
Thus (4) holds for n=0. Suppose now that (4)

holds for some fixed neN. Since F is G-
increasing with respect to <, we have

G(Xn+1' yn+1) = F(Xn, yn ) =<
F(Xn+11 yn+l) = G(Xn+21 yn+2) and
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G(yn+2’ Xn+2) = F(yml’ Xn+l) =

F(yn’ Xn ) = G(yn+1’ Xn+1)'
Hence (4) holds forall ne N. Forall ne N,
denote

8, =4(G 0 Ya) G (%1 Yau))+ BB (Y1 %), G Vo1, Xo,0))
We can suppose that 5, >0 for all ne N. If
not, (x,,y,) will be a coincidence point and
the proof is finished. We claim that for any

neN,
we have ¢(5,.,)< ¢(5, ).

Slnce G(X yn)<G(Xn+l' yn+1)

G(yn’ n)>G(yn+l’ n+1)’
X=Xor Y=Y

u= and v=y,, in (3) and using (1), we
get

and
letting

n+l

¢(Sad(G(Xn+1’ yn+1) ( n+2! yn+2)))
:¢(Sad(l:(xn’yn 7 n+1lyn+1 )

< f[¢(d(6(xn! yn)lG(Xn+1l yn+1))‘;d

l//[d (G(Xn ' yn)iG(XnA! yn+1))+ d (G(yn ' Xn)!G(ymll Xn+1))jj

)

Similarly we have

(G(yn ' Xn)lG(yml’ Xn+1))j,

()

A5°9(6(Y,.00%,.2). Yy %)
= ¢(Sad(F (yn+l’ Xn+1)! F(yn ! Xn)))

) f[ ¢(d(G(yn+1,Xn+1),G(yn,Xn));d(G(XM,yml),G(xn,yn))jl

W[d(G(ynﬂ’ Xn+1)!G(yn ! Xn))+ d (G(Xn+1’ yn+1)lG(Xn ' yn))j]

()

Suming (5) and (6), since ¢ is non-decreasing,
we obtain that

4(s'6,.)< {{?}%?Ds{@jzaﬂ

It follows that the sequence (5, ) is monotone

(6)

YNNG
S

decreasing. Therefore, there is some 6>0
such that lims, =5". We shall show that

6 =0. Assume on contrary that 6>0. Then
taking the limit as n— +oo(equivalently,
6,—>0) in (7), using the fact that

limy(t)>0 forall r>0 and ¢ is continuous,

we have

T

()

.1
st s

a contradiction. Thus & =0, that is
nILrPOO ¢(d (G(Xn’ yn)’G(Xn+l1 yn+1))

+d(G(yn!Xn)ie(yn+1'Xn+1)))

= limg(5,)=
Hence, by Jovanovi¢ et al., (see [11]) (é'n)
ie., (d(G(x,Y,).G(Y,.x,)) is a b-Cauchy

sequence in X x X endowed with the metric
A defined by

A((x ), (uv)=d(x,u) +d(y,V)
for all (x,y),(u,v) e X x X. Hence (G(x,,Y,))
and (G(y,,x,)) are b-Cauchy sequences in
(X,d). Now, since (X,d)is b-complete, there
exist x,y € X such that

!LrgG(xn,yn) = nlicnw F(x,,y,)=x and

= limF(y,.x,)=y. (8)

Since the pair {F,G}satisfies the generalized
compatibility, from (8), we get
rl]i_)n;d(F(G(Xn’yn)lG(yn’Xn))’G(F(Xn’yn)’F(yn’Xn))):O

)
and

!]I_E[;Id(F(G(yn’Xn)’G(Xn’ yn))’G(F(yn’Xn)’ F(Xn’ yn)))= O
Suppose that F is continuous. For all n>0, we
have

d(G(x,Y), F(G(X,, ¥,).G(¥,. X,)))
<s(d(G(x, y).G(F (X, ¥,), F (¥, %))
+d(G(F(%,, Y ) F (Y X)) F(G (X0, ¥a), G (¥ X))

limG(y,, x,)
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Taking the limit as n — oo, using (8), (9) and
the fact that F and G are continuous, we have
G(x,y) = F(x,y). Similarly, using (8), (9) and
the fact that F and G are continuous, we have
G(y,x)=F(y,x). Thus (x,y) is a coupled
coincidence point of F and G. Now, suppose
that (b) holds. By (4) and (8), we have
(G(x,,y,)) is non-decreasing sequence,
G(x,,y,)—>x and (G(y,,x,)) is non-
decreasing sequence, G(y,,X,) > Yy as
n—+oo, Thus for all ne N, we have
G(X,, Y,) =X and G(y,,X,) =Y.
(10)
Since the pair {F,G} satisfies the generalized
compatibility and G is continuous, we have

nI_i)erG(G(Xn’ yn)lG(yn’Xn)): G(X’ y)
= lim G(F (x,, %), F (¥,,%,))

= lim F(G(x,,Y,),G(¥y.X,)) -
and
1im G(G(Y: %,).G(%,, ¥,)) = G (¥, %)
= lim G(F(y,,x,),F(x,,Y,))
Ao (12)

= nI—I>rPoo F(G(yn’xn)1G(Xn’ yn))
Now, we have
d(G(x,y),F(xy))<
nl_l)rpood(G(F (Xn, yn)1 F(ymxn))’ F(X’ y))

= 1im d(F(G(%,, Y), G (Y X)) F (X, )
Since G has the mixed monotone property, it
follows from (10) that

G(G (X, ¥a).G (Y1 X,)) 2 G (X, Y) and

G(G(Yn %), G (% ¥a)) = G(Y, X).
Now using (1), (11) and (12), we get

#(s*d(G(x,y), F(x, y)))<
lim f((I{(ol(e(e(xn,yn),cs(yn,xn)),e(x, y)))

n—oo 2

, 4G (G (Y, %,).G(,, yn)),G(y,x)))
2 ,

W(d(G(G(xn, Ya):G(Ya X)) G(%,Y))

2
d(G(G (Y %). G (%4, yn)),G(y,x))D.
2

Then we obtain that G(x,y)=F(X,Y).
Similarly, we can show that G(y, x) = F(y, x).

+

Example 1. Let f(s,t)=ks, X =[0]]
endowed with the natural ordered of real
numbers. We endow X with the standard
metric X

d(x y)=x—y[ forall xyeX.
Then (X,d) is a complete b-metric space.
Define the mappings F,G: X xX — X as
follow

X>y,

)

)=0, if x<vy,
and
)= X -y?, if x>y
) if x<y.

First we prove that F is G -increasing. Let
(x,y) (U v)eXxX with G(x,y)<G(u,v).
We consider the following cases.
Case 1: If x<y then F(x,y)=0<F(u,v)
Case2: If x>y, if u>v, then
G(x,y)<G(u,v)
=>x -y <udP-v?

3 3 3 4,3
X—y® _ui-v

=
8 8
= F(x,y)<F(u,v)
If u<v, then

G(x,y)<G(u,v)
=0<x*-y*<0
= XS _ ys
= F(x,y)=0< F(u,v)
Thus we have F is G - increasing.
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Now we prove that for any x,ye X, these

exist u,ve X such that
F(x y)=G(u,v)
{F(y, x)=G(v,u).
Let (x,y)e X x X be fixed. We consider the

following cases.
Case 1. If x=y,

F(x y)=0=G(xy)

F(y,x)=0=G(y, x)
Case 2: If x>y, then we have

x3—y? X
Fx y):Ty:G(z Z)

and  F(y,x)=0= G(y Xj

2 2
Case 3: If x <y, then we have

F(x,y)=0= G(X yj

2 2

y'-x oy x
F(y,x)= : _G(Z , 2).
Now we prove that Gis continuous and has
the mixed monotone property. Clearly Gis
continuous. Let (x,y)e XxX be fixed.
Suppose that x;,x, € X are such that x, <X,.
We discuss the following cases.
Case 1: If x, <y, then we have,

G(x,y)=0<G(x,, y)
Case 2: If x, >x, >y, then we have

G(x,y)=x -y  <x—y*=G(x,,Y)
Similarly, we can show that if y,,y, e X are
such that y, < y,, then G(x,y,)>G(x, y, )
Now, we prove that the pair {F,G} satisfies
the generalized compatibility hypothesis. Let
{x,} and {y,} be two sequences in X such
that

then we have,

and

and

t, = lim F(x,,y,)= lim G(x,,,)

t, = I|m F(y,,x, )= |lmG(yn' X,)-

Then it must be that t, =t, =0 and one can
easily prove that

1im d(F(G(x,,¥,).G(¥, %)) G(F (x,,¥,). F (¥, x,))) =0

lim d(F(G(y, %), G0, Vo)) G(F (Y, ). F (%1 ¥2))

N—>+0

and

0.

Now we prove that there exist two elements
Xo» Yo € X With

G(Xy, Yo) = F (%o, Yo)
G(yO’ XO)2 F(yO’XO)'

Since we have G(O,
F

and

Ej:O: F(O,lj and
2 2
6[3,0]=1>i= 1

2

2") 8" 64 (_’0}

Now, let ¢,y :[0,00)—[0,00) be defined as
#t)=t, for all te0,0), clearly ¢ e d.We
next verify the contraction (1) for all
X, y,u,v e X, with G(x, y)<G(u,v) and
G(v,u)<G(y, x). We have

24 ([d(F(x, y), F(u,V))) = 16(d (F (x, y), F(u,v)))

=16F(x, y) - F(u,v)|2
—E|G(x )-G(u,v)’
T '

< %ﬂe(x, )~ GUV +G(y, x) - Gv,u)f |
1 M (G(x, y>,G(u.v))+d(G(y,x),G(v,u))ﬂ

2
k[ d(G(x,y),G(u,v)+d(G(y,x).G(v, u))ﬂ
2
{ G(x,y),G(u,v))+d(G(y.x),G(v,u))j
> ,
( (G(x,y),G(u,v))+d(G(y,x),G(v, u))] }
v 2
Where k = % hence condition (1) is satisfied.

Thus all the requirements of Theorem 1 are
satisfied and (0,0) is coupled coincidence

point of F and G.

CONCLUSION

In this paper, by using the C-class functions
and a new approach, we present some coupled
coincidence point result for a pair of mappings
satisfying generalized (¢, )-weakly contractive
conditions in the setting of ordered b-metric
spaces. An application and example are given
in [15].
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